In this paper, by using Nagy-Foias-Foguel's theory of decomposition of continuous semigroups of contractions, we prove that the system of linear elasticity is strongly stabilizable by a Dirichlet boundary feedback. We also give a concise proof of a theorem of Dafermos about the stability of thermoelasticity.
Introduction and Main Result
Throughout this paper, we denote by Ω a bounded domain in R n with smooth boundary Γ = ∂Ω of class C We consider the following system of linear and isotropic elasticity where u(x, t) = (u 1 (x, t), · · · , u n (x, t)), λ, µ are Lamé's constants satisfying µ > 0, nλ + (n + 1)µ > 0.
(1.2) By ′ we denote the derivative with respect to the time variable. ∆, ∇, div denote the Laplace, gradient, and divergence operators in the space variables, respectively. u(0) and u ′ (0) denote the functions x → u(x, 0) and x → u ′ (x, 0), respectively.
The elastic energy of (1.1) can be defined as E(u, t) = 1 2 Ω |u ′ (x, t)| 2 + µ|∇u(x, t)| 2 + (λ + µ)|divu(x, t)| 2 dx. the energy E(u, t) is conservative. Therefore, we need a feedback to stabilize system (1.1). By stabilization we mean that the feedback makes the energy decay to zero as t → ∞. So far, there have been a lot of contributions to the problem (even for the more general case: anisotropic elasticity), notably [1, 5, 6, 10] , to mention a few. However, in all the previous work, one used Neumann boundary feedbacks. As far as we know, Dirichlet Boundary feedbacks have not been considered for the system of elasticity in the literature although they were used in the wave equation (see [7] ). Therefore, we wish to fill this gap and show that system (1.1) is strongly stabilizable by a Dirichlet boundary feedback.
In order to find a Dirichlet boundary feedback, let us first consider the system of elasticity with non-homogeneous Dirichlet boundary condition 5) and formulate it as an abstract Cauchy problem. In doing so, we define the
We then define the Dirichlet operator D by
where u is the solution of the Lamé system
It is well known from the elliptic theory that
is a linear continuous operator for all real s. Let D * denote the adjoint operator of D. Then
is a linear continuous operator for 0 ≤ s ≤ 1/2. Using the operators A and D,
(1.5) can be formulated as an abstract equation
If A is extended, with the same symbol, as an operator (
then (1.11) can be written as the following perturbation form
In what follows, we denote by (·, ·) and · the scalar product and norm of (L 2 (Ω)) n , respectively. Set
Obviously, we have 14) and the usual norm
Obviously, in order to stabilize the open loop system (1.12), we have to
Therefore, the feedback we are looking for should be taken as
since in this case we have
By using this feedback, the open loop system (1.12) becomes the following closed loop system
we can write (1.19) as the following first order form
on H, where the domain of the operator A is given by
We define the weak energy E w (u, t) of (1.19) by
In comparison with definition (1.3) of energy, it is easy to see that there exists a constant c > 0 such that
Thus, we call E w (u, t) weak energy.
The main result of this paper is as follows. (u 0 , u 1 ) ∈ H, the feedback system (1.19) has a unique solution u with
Further, the solution orbit
is precompact.
(ii) (Strong stabilization) For any (u 0 , u 1 ) ∈ H, we have
for the corresponding solution of the feedback system (1.19). 2 Nagy-Foias-Foguel's Decomposition
For completeness, we recall some definitions and theorems from Nagy-FoiasFoguel's theory of decomposition of continuous semigroups of contractions.
Let H be a Hilbert space. We denote by (·, ·) and · the inner product and norm of H, respectively. Definition 2.1 Let H be a Hilbert space. Let S be a linear bounded operator in H and S * its adjoint. We say that a subspace V ⊂ H reduces S if and only if
2)
(ii) Completely non-unitary (c.n.u.) if there exists no subspace other than {0} reducing S to a unitary operator.
The following is Nagy-Foias' decomposition theorem.
Theorem 2.3 [3]
Let H be a Hilbert space and S(t) a continuous semigroup of contractions on H. Let A be the infinitesimal generator of S(t) with the domain D(A). Then H can be decomposed into an orthogonal sum
where H u and H cnu are reducing subspaces for S(t), such that
(ii) The restriction S cnu (t) = S(t)| Hcnu of S(t) to H cnu is a c.n.u. semigroup;
(iii) This decomposition (where, of course, H u or H cnu can be trivial) is unique and H u can be characterized by
Definition 2.4 A continuous semigroup S(t) on a Hilbert space H is said to be (i) weakly stable if (S(t)x, y) → 0 as t → +∞ for any x, y ∈ H;
(ii) strongly stable if S(t)x → 0 as t → +∞ for any x ∈ H.
where S(t)x ⇀ 0 (weakly) as t → +∞ means that (S(t)x, y) → 0 as t → +∞ for any y ∈ H.
The following is Nagy-Foias-Foguel's decomposition theorem.
Theorem 2.5 [3]
Let H be a Hilbert space and S(t) a continuous semigroups of contractions on H. Then H can be decomposed into an orthogonal sum
where W u , W ⊥ and H cnu are reducing subspaces for S(t), such that
Further, we have (i) S(t) is completely nonunitary and weakly stable on H cnu ;
(ii) S(t) is unitary and weakly stable on W u ;
(iii) S(t) is unitary on W ⊥ , and ∀x ∈ W ⊥ , S(t)x ⇀ 0 and S * (t)x ⇀ 0 as t → +∞.
Let S(t) be a continuous semigroup on a Banach space X. We define the set γ(x) = t≥0 S(t)x to be the positive orbit corresponding to the initial state 
R(P ) denote the range of P .
(ii) If J ω = (I − ωA) −1 is compact for some ω > 0, then X c = X b .
3 Proof of Theorem 1.1
In order to prove Theorem 1.1, we first give some basic properties about the domain D(A) and the Dirichlet operator D. By (1.9) and (1.10), we deduce that
It therefore follows from (3.1) that u ∈ (H 1 (Ω)) n . In conclusion, we have
On the other hand, we have for u ∈ D(A)
In fact, we have (ii) The resolvent operator R(ω, A) of A is compact as an operator on H for any ω with Re ω ≥ 0.
(iii) The operator (I + ω
n for any ω with Re ω ≥ 0.
Proof. (i) For any (u, v) ∈ D(A), we have
Thus, A is dissipative.
(ii) We first show that the resolvent R(ω, A) of A exists as an operator on H for any ω ≥ 0. is given by
We now consider the case where ω > 0. Since
we deduce that ωI − A is boundedly invertible on H if and only if
and then if and only if I +ω
The latter is true since I + ω 2 A −1 + ωDD * is strictly positive bounded and
We next show that the resolvent operator R(ω, A) of A exists as an operator on H for any ω with Re ω > 0. By the dissipativeness of A, we deduce that
which implies It remains to show that R(ir, A) exists for any real number r. By (3.8), it suffices to show that I + (ir
n for any real number r. For this, we first show
has only solution 0. In fact, taking inner product with u, we obtain
It therefore follows from (3.12) that
By (3.3), we deduce that
Consequently, it follows from the unique continuation property of the Lamé system (see [2, Corollary, p.373] ) that u = 0. Thus, I + (ir
n for any real number r.
Finally, the compactness of R(ω, A) follows from the compactness of the embedding of D(A) into H.
(iii) The result of (iii) is the direct consequence of (ii) and (3.8). To prove Part (ii), we apply Nagy-Foias-Foguel's Theory. By Theorem 2.5, H can be decomposed into an orthogonal sum
such that S(t) = e At is (i) completely nonunitary and weakly stable on H cnu ;
(ii) unitary and weakly stable on W u ; (iii) unitary on W ⊥ , and ∀x ∈ W ⊥ , S(t)x ⇀ 0 and S * (t)x ⇀ 0 as t → +∞.
Since the positive orbit γ(u 0 , u 1 ) is precompact for every (u 0 , u 1 ) ∈ H, e At is actually strongly stable on H cnu . To complete the proof, it suffices to prove [7] that the wave equation is uniformly stabilizable by a Dirichlet boundary feedback. When we tried to apply the method of [7] to the system of elasticity, we encountered the some difficulties that can not be handled. Therefore, whether the system of elasticity is uniformly stabilizable by a Dirichlet boundary feedback or not is an open problem.
Proof of Dafermos' Theorem
Consider the system of equations of thermoelasticity
in the absence of external forces and heat sources, where α, β > 0 are the coupling parameters.
The thermoelastic energy of (4.1) can be defined as
Here we have used the notation
It is easy to verify that
Therefore, the energy E(u, θ, t) decreases on (0, ∞), but, in general, does not tend to zero as t → ∞. In fact, Dafermos in his pioneering work [4] obtained the following famous theorem.
Theorem 4.1 [4]
The energy E(u, θ, t) of every solution of (4.1) converges to zero as t → ∞ if and only if the following eigenvalue problem of the Lamé system has no nontrivial eigenfunction
(4.5) Theorem 4.1 was originally proved by using LaSalle's invariance principle.
We give here a new concise proof via Nagy-Foias-Foguel's theory.
We introduce a function space as follows:
In the sequel, we use the following energy norm on H
for (u, v, θ) ∈ H, which is equivalent to the usual one induced by (
Proof of Theorem 4.1. We define the linear operator A on H by
with the domain
It is well known that A generates a continuous semigroup S(t) of contractions on H. Thus, by Theorem 2.5, H can be decomposed into an orthogonal sum 
the energy E(u, θ, t) of every solution of (1.1) converges to zero as t → ∞ if and only if H u = {0}.
We now want to identify H u and H cnu . Let the energy E(t) = E(u, θ, t) of system (4.1) be defined by (4.2). By a straightforward calculation, we obtain
It therefore from Theorem 2.3 that
Thus, by (4.1), we deduce that (u 0 , u As a by-product of the above proof, we obtain (ii) the restriction S cnu (t) = S(t)| Hcnu of S(t) to H cnu is a c.n.u. semigroup and strongly stable. Hence no thermal damping exists in the elastic body, and consequently the energy E(t) is conservative.
In [4] , it was pointed out that (4.5) has no nontrivial eigenfunction "generically" for smooth domains. However, when Ω is a ball, (4.5) does have nontrivial eigenfunctions (see [9, p.228] ).
